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Abstract 

We recreate an unpublished proof of William Thurston from the early 1970's that 
any smooth 2-plane field on a manifold of dimension at least 4 is homotopic to the 
tangent plane field of a foliation. 


1 Introduction 


The main purpose of this article is to write down in reasonable detail a proof of a theorem 
of Thurston which many experts know of and of whose existence many more are aware. 
The proof is due to Thurston but was never written up since it was superseded by a to 
some extent more elementary proof of a substantially more general theorem. Thus the 
theorem below became a mere corollary in Thurston's published work: Corollary 3 in 
IITh2i . Here it becomes the main result we want to prove. 


Theorem 1.1 (Thurston). Any C“ 2-plane field t on a manifold M of dimension at least 4 is 
homotopic to an integrable one. If t is already integrable in a neighborhood of a closed set K C M, 
then the homotopy can be chosen to be constant in a neighborhood of K. 


The proof of Theorem ll.ll which we give in this paper we learned from Takashi Tsuboi 
who in turn had learned it from Andre Haefliger, and Haefliger attributes it to William 
Thurston. Thurston remarks in llTh2l that a "proof of Corollary 3 by itself was the start¬ 
ing point leading to" his main theorem in llTh2l . 


Remark 1.2. Apart from salvaging some of Thurston's ideas there is one further aspect 
which makes it worthwhile to make this proof accessible. We are able to work entirely 
with plane fields on the given manifold. This is special to 2-plane fields. With today's 
knowledge about Diffc(R"“^) our proof below shows that for k > 2 any smooth fc-plane 
field on an n-manifold can be homotoped into one which is integrable in a neighborhood 
of the {n — k 2)-skeleton of some very fine triangulation. Thurston's proof in llTh2l 
deals with plane fields on the product of the total space of the normal bundle of the 
original plane field with the unit interval. This pushes the dimension of the manifold on 
which one works up quite a bit, especially for 2-plane fields. 
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For 2-plane fields on 4- and 5- manifolds, or more generally on n-manifolds for those 
n where the identity component of Diffc(R”“^) is simply cormected, the foliations ob¬ 
tained after deforming the plane field have a particularly transparent description, as we 
will see in section HI 

Theorem ll.ll is an easy consequence of 

Proposition 1.3. Let t be a C“ 2-plane field of R” which is integrable in a neighborhood of 
a closed subset K o/R”. Then t is homotopic to a C“ 2-plane field which is integrable in a 
neighborhood ofKU [—1,1]”. The homotopy can be chosen to be constant in a neighborhood of 
RU (R" \ (-2,2)”). 

Proof of Theorem [LTI Choose a countable atlas {hj : Ui —> R”};e]N for M such that 
1,l)”)}/e]N is a covering of M. Start with K' := hi{Ui CiK) C R” and t' := 
hu{T\u) as input for Proposition II.Si The output is a plane field t[ whose pull back to 
Ui can be extended by t to a plane field Ti which is integrable in a neighborhood of 
K U hf^[—l,l]^ by a homotopy which is constant in a neighborhood of R U \ 

(-2,2)”) =:Ri. 

N 

Continue by replacing R, t, and hi by Ri,Ti, and h 2 . If x G |J h^ ((—1,1)”) then 

i=l 

there is a neighborhood V of x such that all homotopies after step N are constant on V. 
If furthermore x is a point of R then, if V is small enough, also the homotopies of steps 
1 to N are constant on V. Thus the sequence of plane fields t, ti, T 2 , ... converges to a 
plane field having the desired properties. □ 

The proof of Proposition 11.31 proceeds in three steps. These steps also appear in 
Thurston's paper IITh2i . They are: 

(i) Find a triangulation of R” which is in general position with regard to T in a neigh¬ 
borhood of [—1,1]” 

We recall Thurston's definition of general position in the following section. Step (i) cor¬ 
responds to the Jiggling Lemma in llTh2l . 

(ii) Deform the plane field t into one which is civilized near [—1,1]” with respect to 
the triangulation of step (i). 

This will be done in Section |3l Roughly a plane field is civilized near some compact 
set C in R” with respect to a triangulation of some compact neighborhood of C if the 
plane field is constant along and tangential to the fibres of tubular neighbourhoods of 
the simplices satisfying some compatibility condition (see conditions 13.10113TTI and l3.12l 
in Section 121). 

Civilization in Thurston's paper is important to ensure that homotopies of plane 
fields were performed in the space of plane fields which are in general position. For 
us it is important for undersfanding the plane field near the (n — 1)-skeleton when we 
deal with the third and final sfep: 

(iii) Filling the holes. 
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A civilized 2-plane field t is integrable, i. e. a foliation, in a neighborhood of the (n — 
1)-skeleton. Filling the holes is the extension of this foliation to the interiors of the n- 
simplices, the holes, in such a way, that the resulting tangent plane field is homotopic to 
T, where as always the homotopy is constant in a neighborhood of K U (IR” \ (—2,2)”). 

This is the most difficult step. The corresponding step in llTh2l . Section 4, is easier 
since the use of a collapsible triangulation on the product of the total space E of the 
normal bundle of T with the unit interval [0,1] allows enough control over the boundary 
of the hole to make this step quite simple. The reverse process of a simplicial collapse, 
called inflation in nTh2l , starts at E x {0} and one needs a foliation there to start with. 
This foliation is provided by the hypothesis of the main theorem in llTh2l that the normal 
bundle of t is the normal bundle of a Haefliger structure, a necessary hypothesis, if 
one wants to be able to homotope T to a foliation. For 2-plane bundles this hypothesis 
is satisfied by results of Thurston, Mather, and Epstein BThli . IIMa II , BMa 211 , IIMa 31 , 
lMi^ ,llEp|. 

When working directly on the manifold, as we do here, the fact that our plane field is 
civilized gives us after moving a little to the inside of the n-simplices a product structure 
D2 X D” ^ tor each n-simplex such that the plane field is transverse to the D” ^ factor 
and parallel to the factor near D2 X 9D” Thus the restriction to x D” ^ is a 

foliated D”“^-product over with support in the interior of We have to 

show that we can extend any such foliated product to a 2-dimensional foliation on all 
of D2 X D” Furthermore we want the plane field of this foliation to be homotopic to 
one which is transverse to the D”“^-factor by a homotopy which is constant near the 
boundary. Since t is transverse to the factor, the plane field of the foliation will be 
homotopic to it by a homotopy which is constant near the boundary of the simplex. 

Foliated D”“^-products with support in the interior of are the same as foliated 
IRW-2-products with compact support. These correspond up to fitting beginnings and 
ends to smooth paths in DiffcIR””^ begiiming at the identity. Thurston in [|Th2l . Section 
4, provides for n > 4 an explicit and easy to understand tilling tor a non-trivial path. It 
is fairly easy to see that a path homotopic to one which can be filled can itself be tilled. 
Also the concatenation of two paths can be filled if the individual paths could be. Obvi¬ 
ously, the conjugate of a tillable path by an element of DiffclR””^ is also tillable. Assume 
now for simplicity that the identity path component of DiffclR””^ is simply cormected. 
Then homotopy classes of paths correspond bijectively to their end points. Since by re¬ 
sults of Epstein ||Ep]J and of Epstein, Mather and Thurston cited above the identity path 
component of DiffclR””^ is simple, we are done. In fact, using Theorem 2.2 and Lemma 
3.1 of IITsu2l we see that any path is homotopic to the concatenation of 8 conjugates of 
Thurston's path in llTh2i . Section 4. Thus one can practically see how each hole is filled. 

The situation where the identity path component of DiffcR””^ is not simply con¬ 
nected is more complicated. It is here where, as tar as we know, a directly applicable 
theorem with a reasonably detailed published proof is unavailable. In a note at the bot¬ 
tom of page 226 in nTh2l Thurston formulates a theorem of him which would allow us 
to proceed along the lines described in the previous paragraph. But we have not found 
any place in the literature where this theorem is stated as a theorem. 

Nevertheless, when looking at the experts' papers one finds enough results and ar¬ 
guments to piece together a result that satisfies our needs. In particular, the arguments 
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used in the very last paragraph in |Ep2L where Epstein shows that the universal cover¬ 
ing group of Diff“(M)o is perfect, together with a good understanding of what is done 
before in |Ep2 1, and also using Tsuboi's lemma in IITsu2l , one can achieve our goal. 

We will go a slighfly differenf way Insfead of |Ep2| we will use Proposition 2 in 


|HaRyTe|. This result is (reasonably) straightforward fo sfafe and makes if easier fo de¬ 
scribe the necessary estimates for our argumenfs. The only drawback (for some if mighf 
be an advanfage) is that the authors of |HaRyTe| use a fopology on DiffcR”“^ developed 
in IKriMil fo do analysis on infinife dimensional manifolds modelled on locally compacf 
vector spaces, which might be unfamiliar fo some. Buf whaf we acfually need is very 
little and will be explained in Subsection 15.1[ We will again make use of Proposition 3.1 
of IITsu2L In facf it is important to see its proof which we, in Subsection 15.21 will more or 
less verbally copy directly from IITsu2i . 

Remark 1.4. Corollary 3 in llTh2l (our Theorem II.Ill follows from the main result there 
using the fact that the classifying space oi codimension k Haefliger sfrucfures with 
trivialized normal bundle is {k + l)-coimected. This is a consequence of fwo fheorems. 
The Thursfon-Mather Theorem, which establishes an isomorphism between the homol¬ 
ogy of the fc-fold loop space oi BY and the homology of the classifying space of fhe ho- 
mofopy fibre DiffcR^ of Diff^R^ —> DiffcR^ where Diff^R^ is DiffcR^ made discrefe. The 
second theorem, for 0<r<oo,r^k + l, due fo Mather PMa 2L see also the appendix 
of IITsulll for a somewhaf differenf proof, and for r = oo due fo Thursfon HThll . sfafes 
that the universal cover of the identity path component of Diff^jR^ is perfecf. Thursfon's 
proof is outlined in §3 of IIMa 41 . A defailed proof for the case r = oo along the lines 
developed by Mather for r > k + 1 in IIMa 21 can be found in fhe paper |Ep2| by David 
Epstein mentioned above. 

In the final section we will go the opposite way: following Haefliger's proof in 
|Hae2| (see also IIHae3l ) that nj({BTj() = 0 we will use our main theorem to show that 
7Tk+i{BTk) = Oforfc > 2. As in ||Hae2| this proof involves the Gromov-Phillips transver- 
sality theorem HCrl, nPhill . But note that our proof of Proposition 11.31 uses the second 
of fhe fwo theorems mentioned above, the one about the perfectness of the universal 
cover of the identity component of Diff^R^, in the version proved by Haller, Rybicki, 


and Teichmaim in |HaRyTe 


2 Triangulations in general position with respect to a plane 
field 


Let 1 < k < n — 1 and let t be a fc-plane field on R". The following ferminology is 
due fo Thursfon nTh2l . 


Definition 2.1. An n-simplex a of R” is in general position with respect to r if for every x G 
cr the orthogonal projection of R” onfo fhe (n — fc)-plane orthogonal to t(x) is injective 
on every (n — fc)-face of cr. A friangulation of R” by affine simplices is in general position 
with respect to t in a neighborhood of a closed subset R G R” if every n-simplex infersecting 
K is in general position with respect to T. 
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Definition 2.2. Let T be an affine triangulation of R" and e > 0. An e-jiggling of T is an 
affine triangulation T' of R” such that there is a simplicial isomorphism (p : T ^ T' with 
\\(p{v) — u|| < e tor every vertex u G T. 


In section 6 of nTh2l the following statement is proved: 


Proposition 2.3. Let t be a k-plane field o/R”, 1 < k < n — 1, let K C be compact, 
and let e > 0. Then there exist an L G N and for every I > L an e-jiggling of the standard 
triangulation associated to the cubical lattice (jZ)” C R" which is in general position with 
regard to t in a neighborhood of K. 


Recall that the standard triangulation of the unit cube 7” = [0,1]” of R” has the ver¬ 
tices of 7” as vertices and for each permutation u G S„ an n-simplex {vq,. .. ,Vn) with 
Vq = (0,..., 0) and Vi being obtained from Vi_^ by replacing the 0 in the cr(i)-th coordi¬ 
nate by a 1. Triangulating every cube x -h I”, x G Z” by translating the triangulation of 
7” by X gives a triangulation of R”. The standard triangulation associated to the lattice 
(jZ)” is obtained from this by multiplying every vertex by 1//. 

Thurston proves a more general result, but for us Proposition 12.31 suffices. His proof 
is concise, clear, and to the point. There are a couple of misprints, but of the "self cor¬ 
recting" type. So there is no reason to repeat it here. 

We will apply Proposition |Z3 in our proof of Proposition [L3] for the given plane field 
TandR= [-2,2]". 


3 Civilization 

Given K C R” closed and t a smooth 2-plane field which is integrable in a neighborhood 
L7 of K, let T be an e-jiggling of the standard triangulation associated to the lattice (yZ)" 
which is in general position with respect to T in a neighborhood of [—2,2]”. Choose I 
large enough so that the following holds: 

3.1. If X G 77 n [—2,2]” is a vertex of T whose closed star st{x, T) is not contained in 77 
then st{x, T) Ci K = (D 

3.2. If X is a vertex of T with st{x, T) D [—1,1]" 0 then st{x, T) C [—3/2,3/2]”. 

3.3. If cr is an n-simplex of T which intersects [—2,2]” then for any x,i/ G G the 2-plane 
t(i/) is the graph of a linear map Lx^y : t(x) —> t(x)-*- of norm less than 1. 

We denote by Ti the union of all simplices which are faces of n-simplices of T which 
intersect [—1,1]”. 

In this section we deform the plane field t into a plane field which is integrable in a 
neighborhood of the union of K and the (n — l)-skeleton of Ti. The deformation is done 
in the space of smooth plane fields for which T is in general position near [—2,2]”, and 
which also satisfy 13.31 Furthermore, the deformation is constant in a neighborhood of 
7CU (R” \ (-2,2)”). 

The idea is to deform t in a tubular neighborhood of each simplex of Ti, starting with 
the 0-simplices and extending it dimension by dimension up to the (n — 1)-skeleton of 
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Ti. To ensure that near K the deformation is constant only simplices which are faces of an 
n-simplex not contained in U trigger a deformation. Notice that a face of a simplex a may 
be the face of an n-simplex not contained in U while cr is not a face of such an n-simplex. 
Thus deformations of T may take place in tubular neighborhoods of the boundary of a 
simplex cr, even if cr itself does not trigger a deformation. 

The deformation process is inductive by induction on the dimension p of the skeleta 
of Ti up to dimension n — 2. The extension of the deformation from a neighborhood 
of the (n — 2)-skeleton to a neighborhood of the (n — l)-skeleton differs mildly from 
the previous induction steps in as far as the plane field at a point of an (n — l)-simplex 
intersects the tangent plane of the simplex non-trivially. 

So let 0 < y < n — 2. We say that a smooth 2-plane field Tj is civilized on the /-skeleton 
of Ti if it is a 2-plane field with respect to which T is in general position near [—2,2]”, 
and there are real numbers Sq > ... > Sj > 0 and po > ... > pj > 0 having the properties 
l3.4ti3.8l below. 

3.4. Denote for any point x of an i-simplex cr of Ti with 0 < i < j the closed 5- 

neighborhood of x in the affine 2-plane x -|- Ty(x) by Bx{S) and the closed j/-neighborhood 
of X in X -|- Ex by Ex{p), where Ex is the orthogonal complement of Ty(x) -|- Ta with Tg- the 
tangent plane of cr. Then, if cr is a face of an n-simplex not contained in U, the (n — i)- 
disks Bx{Si) X Ex{pi), x ^ cr, are the fibres of a tubular neighborhood N((r) of u in R”, 
and any (n — 2)-simplex of Ti having u as a face intersects d{Bx{5i) x Ex{pi)) in a subset 
of X dExipi). 

3.5. For any 0 < i < j and any point x in an i-simplex of Ti in the boundary of an 
n-simplex not contained in Lf the plane field Tj is equal to Ty(x) on Bx{5i) x Ex{pi). In 
particular, the plane field Tj is integrable on N{a) and tangent to the fibres. 

3.6. For any two simplices cr, cr' of Ti of dimension at most j where each, cr and cr', is in 
the boundary of an n-simplex not contained in Lf we have N{a) H N{a') C N{a H a'). 
Furthermore, if cr' is a proper face of cr and the fibre Bx{5i) x Ex{pi) of N{a) intersects 
N{cr'), say (i/i,i/ 2 ) £ Bx{Si) x Ex{pi) lies in Bv(Sji) x { 1 / 2 } with v e cr' and y '2 G Eg{pi/), 
i' = dimu', then Bx{5i) x { 1 / 2 } C B-o{5ii) x { 1 / 2 }• addition we demand that N{a) D 
cr" = 0 for any simplex cr" of dimension at least / -|- 1 of which cr is not a face. 

3.7. If 0 < i < i and the /-simplex cr is contained in U and in the boundary of an 
n-simplex not in LZ, then N (cr) c U. 

3.8. Tj is integrable in an open subset of U containing 

K, 

U{N((r) |(r G Ti, dimu < j,cr C U and cr < p with p ^ U}, 
and U {(7|(r G Ti and cr C LZ} 


By abuse of notation, we call any smooth 2-plane field with respect to which the 
triangulation T of Section |2] is in general position near [—2,2]” civilized on the ( —1)- 
skeleton of T^. Set S-i and p-i to be 00 . 

We then make the following 
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Claim 3.9. Let —1 < p < n — 2,and let Tp-i be a 2-plane field which is civilized on the (p — 1)- 
skeleton of T\, and let Sq > ... > Sp-i > 0 and ?]q > ... > Pp-i > 0 be the associated real 
numbers. Then there exist a smooth 2-plane field Tp, 0 < dp < dp-\, and 0 < rjp < pp_i such 
that properties 13.4113.gl hold for j = p and di, rji, i = 0,..., p. Furthermore, Tp is homotopic 
to Tp-i in the space of smooth 2-plane fields with respect to which T is in general position near 
[—2,2]” and which satisfy I3J] . Furthermore, the homotopy is constant in a neighborhood of 
KU (R” \ (-2,2)"). 

Proof of Claim 1^91 The idea is very simple. Look at all p-simplices cr of which are a 
face of an n-simplex nof contained in U. For all proper faces cr' of such a simplex the 
plane field Tp_i is constant along the fibres By{di) x Ey(//j), i = dim a', and cr mfersects 
these fibres in By{di) x Ey{r]i) fsee 13.411 . Thus, if x is a point of a lying in the fibre By{di) x 
Ey{r]i) of N{a'), then Tp-i{x) = Tp-\{y), and the orthogonal complement Ex of TxCr + 
Tp-i{x) is a subspace of Ey. Therefore, we find preliminary dp and pp not depending on 
a such that 13.4113.61 and 13.71 hold. The last condition in 13.41 will be satisfied if Pp/dp is 
sufficiently small. Also 13.51 holds for those x G u which are for some proper face cr' of cr 
inN((r'), say X = {u,v) G By{di) x Ey(p,), with Ex(pp) C {u} x Ey{pi). 

We now want to deform Tp-\ keeping 13.81 in mind so thaf 13.51 holds for every x G G. 
The deformation will have support in the complement of the tubular neighborhoods 
N{a') where the a' are the proper faces of a. 

We distinguish two cases: 

Case X.crcfU. 

By the last condition in 13.61 (which is satisfied including the preliminary tubular neigh¬ 
borhoods of the p-simplices) and by 13.31 for every x G G and z G Bx(dp) x Ex{pp) the 
plane Tp_i(z) is the graph of a linear map fzx ■ Gp_i(x) —> Tp_i(x)-*- of norm less than 
1. Then Tp_i^t(z) is defined fo be the graph of (1 — f)/zx- There are dp > dp and p^ > pp 
such that the Bx{dp) x Ex{p^), x ^ cr, still are the fibres of a tubular neighborhood N(g) 
of G. Use these larger fibres to slow down the homotopy of Tp_i when moving "radi¬ 
ally" from d{Bx{dp) x Ex{pp)) to d{Bx{dp) x Exifjp)) so that the homotopy is supported 
in N(g). 

Note that during the homotopy condition 13.31 is always satisfied: if y is a point of an 
n-simplex p with z G p then also x is in p and there are linear maps fxyrfzy '■ Tp-i(y) —t 
Tp_i(y)-*- such that Tp_i(x) is the graph of fxy and Tp_i(z) is the graph of fzy. Then 
Tp-i^t{z) is the graph of (1 — t)fzy -\- tfxy which has norm at most equal to the maximum 
of the norms of fxy and fzy. Also the homotopy is constant in every N(g') with cr' a 
proper face of G. 

Case 2. G C U. 

Notice first that applying the same homotopy as above the following may happen. In 
the aimulus bundle N(g) \ N(g) over g, where we slow down the homotopy, the plane 
field may become non-integrable although it was integrable there beforehand. Thus an 
n-simplex which was in the open set where Tp_i is integrable may not be in the set where 
Tp is integrable. But this would force us fo reconsider all faces of this simplex and start 
the process all over. Eventually we would have to deal with simplices which intersect K. 
This is the reason why we treat simplices contained in U differently. 
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Since Tp_i is integrable in a neighborhood of N{cr) there is a tubular neighborhood 
cp : E{(r) X B{Sp) — > R” of £(cr) := U{{0} x Ex{f]p)\x G a} the fibres of which are Sp- 
neighborhoods of z G E(a) in the leaf through z of the foliation defined by Tp_i in a 
neighborhood of N{cr). By the uniqueness theorem for tubular neighborhoods there is 
an ambient isotopy of R” which maps this tubular neighborhood to the tubular neigh¬ 
borhood xp : E(a) X B{5p) —^ R” which has {z} x Bx{^p), z G Ex{r]p), x G u, as fibres. 
We need to straighten the foliation only in a small neighborhood of cr. So it suffices to 
isotope the image of E{cr) x B{5) oi cp into the image of ip. The standard way of pro¬ 
ducing such an isotopy is by linearization of the fibres of cp at points of E{a) and then 
cormecting the linear embeddings to the one of xp by the straight line segment in the 
space of linear embeddings (see e. g. |BrJ] , end of the proof of (12.13)). This first gives an 
isotopy between the (small) tubular neighborhoods, i.e. a level preserving embedding 
O : [0,1] X (E((r) x B{S)) —> [0,1] x R”. This is extended to an ambient isotopy in the 
usual way interpreting the isotopy as a vectorfield on the image of 0 and extending this 
vectorfield to all of [0,1] x R” by slowing it down to the zero vector field within a small 
neighborhood of the image of <I>. Doing the slowing down process at level t along the 
fibres of the tubular neighborhood given by the restriction of 0 to level t will have the 
effect that the ambient isotopy will have support in N{cr) and in the complement of the 
union of the interiors of the N{cr') with cr' a proper face of cr. 

It is then clear that for a small enough S =: Sp conditions I3.3li3^ will be satisfied with 
the possible exception of the last condition of 13.41 which concerns the intersections of the 
fibres of N{cr) with (n — 2)-simplices. But we noticed already that we can achieve this 
by shrinking f]p. □ 


As the final step in this section we want to homotope t„_2 to t„_i which is integrable 
in a neighborhood of the (n — 1)-skeleton of Ti and satisfying conditions I3.3H3.8I with l3.4l 
13.51 and iT^ being replaced by their obvious analogues 13. 101 I3TT] and l3d^ 

3.10. Denote for any point x of an (n — 1)-simplex cr of Ti the closed ci-neighborhood 
of X in the affine line x -|- fx by Ex { 5 ), where Ex is the orthogonal complement in t„_i(x) 
of Ta n T„_i(x). Then, if u is a face of an n-simplex not contained in Lt, the segments 
Ex{5n-i)> X ^ cr, are the fibres of a tubular neighborhood N((r) of cr in R”. 

3.11. For any 0 < i < n — 2 and any point x in an /-simplex u of Ti in the boundary of an 
n-simplex not contained in Lt the plane field t„_i is equal to t„_i(x) on Bx{5i) x Ex{f]i). 
In particular, the plane field t„_i is integrable on N{a) and tangent to the fibres. Fur¬ 
thermore for any point x in an (n — l)-simplex cr of Ti in the boundary of an //-simplex 
not contained in U the plane field t„_i is equal to t„_i(x) on fx(^„_i). In particular, the 
plane field t„_i is integrable on N{cr) and the fibres are tangent to the leaves, i. e. the 
plane field in N{cr) is the pullback of the integrable line field Tg- n t„_i(x), x G g, by the 
tubular neighborhood projection. 

3.12. l3.6l holds for p = n — 1. Furthermore for any two {n — l)-simplices cr, cr' of Ti, each 
in the boundary of an //-simplex not contained in U, we have N {cr) riN{cr') C N{crricr'). 
We also demand that if cr" is a proper face of cr and the fibre Fx{Sn-i) of N{cr) intersects 
N{cr'), say y G Fx{^n-i) lies in Bv{5ii) x { 1 / 2 } with v ^ cr' and y' G Eg{r]i/), i' = dimu'. 
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then Fx{Sn-i) C By{3i/) x {y'}. In addition we demand that N((r) n a"' = 0 for any 
n-simplex a"' of which a is not a face. 

The proof that such a homotopy exists in the space of plane fields satisfying all our 
usual requiremenfs and wifh supporf in the complement of fhe inferiors of all N{cr') 
wifh dimu' < n — 1 is entirely analogous to the proof of Claim |T9] and is omitted. 

Remark 3.13. A plane field satisfying, like our plane field t„_i, conditions 13.10113.121 is 
called civilized in IITh2l . In the next two sections we will see that a civilized plane field 
which also safisfies l3^l3.7l and l3.8l can be deformed info a plane field which is integrable 
in a neighborhood of Ti by a homofopy which is constant in a neighborhood of K U (R” \ 
(—2,2)”), fhus completing the proof of our main proposition. Proposition 11.31 


4 Filling the hole. Part I 

We now may assume that the plane field t of Proposition 11.31 satisfies conditions 13.101 
13.121 and also 13.3113.71 and 13.81 In fhis section we complefe the proof of Proposition 11.31 
for the dimensions n (> 4) for which the identity path component of DiffcR””^ is simply 
coimected. This includes n = 4 and 5 (see Remark 14.111 at the end of this section). 

By l3.8l we need to homotope T only in a compact part of the interior of n-simplices cr 
which are not contained in U. For these cr we have from 13.101 - 13. 121 explicit information 
aboutwhatTlookslikeneartheirboundariesti, namely on N((r) := U{N((r')|(r' a proper face of u}. 
Any subsef of cr diffeomorphic to B” or to x B”“^ containing the complement of N{&) 
in cr we call a hole. Our fask is fo fill for each cr some hole by deforming t in u relative 
with respect to the complement of fhe hole fo an infegrable field . Then by 13.11 and 13.21 
we are done. 

4.1 A product structure for the holes adapted to t. 

In fhis subsection we show fhaf for each n-simplex cr of Ti nof confained in U fhere is a 
smooth embedding cp : x —?■ & such that the pullback t' := (p*T of t has the 

properties 14.1114^ and l4.3l below. Here is the closed unit disk in R^. 

4.1. Near x the plane field r' is the kernel of derivative of the projection to 

the D”“^-factor. 

4.2. t' is transverse to x D"“^ and is in a neighborhood of dD^ x the pullback 

of the line field t' H T{dD^ x D”“^) by the projection (D^ \ {0}) x x D"“^. 

Furthermore the line field t' n T{dD^ X D”-2) is fransverse fo {x} x D”-2 for all X G 
902. 

4.3. is homofopic fo a plane field which is fransverse fo {x} x D”“2 for all x G D^. 

Proof. Consider for some x ^ cr the orthogonal projection : R” —t Ax := t(x)-*-. The 
image px{cr) is a convex polytope P"“2 ^ R”“2 Because of general position px 

restricfed fo every (n — 2)-face of cr is an affine homeomorphism onfo ifs image. There¬ 
fore fhere is an (n — 3) dimensional subcomplex E of u such fhaf p^lz • ^ 9 P ”“2 ig 
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a simplicial isomorphism. The subcomplex E is independent of the choice of x G u. In 
particular, t is transverse to to the boundary h of u in the complement of E. 

Px '■ cr ^ pM-2 j^g ^ trivial fibre bundle with fibre an open 2-disk. This provides us 
with a diffeomorphism x ^ yyg choose cpi so that (pi{S^ x P”“^) is 

close enough to h to be in the civilized neighborhood of & and such that t is transverse 
to (pi{S^ X P”“^) and the line field t D T{S^ x P”“^) is transverse to every {x} x P”“^, 
X G S^. Here is the unit circle in R^. 

We identify P”“2 ^tth R”“^ in such a way that the inverse image of complement of 
D"“^ under px is contained in the civilized neighborhood of E. Furthermore we can 
arrange for the zero section of the bundle, i. e. ^i({0} x P”“^), to be transverse to t in 
the complement of an (n — 2)-disk contained in the interior of 

To achieve l4T] we change cpi by a diffeotopy of cr with support in a neighborhood of 
the image of x S”“^. The diffeotopy is an ambient isotopy which moves the tubular 
neighborhood x Lf of {0} x U to the tubular neighborhood of {0} x U the fibres of 
which are disks in the leaves of t with center the corresponding point of U. Here Lf is a 
small aimular neighborhood of S”“^. 

A second diffeotopy will give us 14.21 From the fact that the image of x R”“^ is in¬ 
side the civilized neighborhood of & gives us a tubular neighborhood of x such 
that the plane field in this neighborhood is the pullback under the tubular neighbor¬ 
hood map of the line field induced on x D"“^. If we are in N{p) with dim |0 = n — 1 
and not in an N{p') with p' a proper face of p this is part of the civilization structure. 
In neighborhoods of lower dimensional simplices this line field can be obtained by in¬ 
terpolation proceeding inductively by decreasing dimension. The ambient isotopy then 
moves the standard tubular neighborhood of x in R^ x into this tubular 
neighborhood. 

Denote by cp 2 the diffeomorphism cpi after having subjected it to the two diffeotopies 
above. Then cp is the restriction of (p 2 to x D"“^. 

Notice that 14.31 is clear since by 13.31 the field t is homotopic to the constant plane 
field kerdpx given by the kernel of the differential of px- Thus (P*{t) is homotopic to 
(p*(kerdpx), which is transverse to the factors {x} x D”-2 ,xgD2. □ 

4.2 Foliated ]R"“^-products. 

Recall that for a fc-manifold M a foliated M-product over the manifold X is a codimen¬ 
sion k foliation on X x M which is transverse to the second factor. The foliated M- 
product is said to have compact support if there is a compact subset C of M such that on 
X X (M \ C) the foliation is given by projection onto M \ C, i. e. for any y G M \ C the 
coimected components of X x {y} are leaves of the foliation. The last sentence of Prop¬ 
erty |T2] says that t' is a foliated D”“^-product over = 9D^, while Property 14.11 says 
that the restriction of to x is a foliated D”“^-product over with compact 
support. The first part of Property 14.21 states that for for some e > 0 for all 1 — e < r < 1 
the restriction of t' to rS^ x is a foliated D”“^-product which is independent of r in 
the sense that the obvious diffeomorphism rS^ x —)■ x is foliation preserv¬ 

ing. Since any foliated D”“^-product over with compact support extends uniquely to 
a foliated D”“^-product over which is given by projection to the second factor near 
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X S” ^ we focus our attention only these, i. e. we are looking at foliated R” ^ bundles 
over with compact support. 

Thus, what remains to be done is to find for any foliated R”“^-product over with 
compact support a 2-dimensional foliation on x R"“^ which satisfies: 

4.4. Outside some compact x C it is given by projection onto 

4.5. it is transverse to rS^ x R”“^tor r close enough to 1, and induces there the given 
foliated R”“^-bundle, 

and 

4.6. the tangent plane field to the foliation is homotopic to one which is transverse to 
the R”“^-factor by a homotopy which is constant near x R”“^. 

To do this, we change our perspective. Notice that any foliated R"“^-product ^ 
over with compact support defines a path : R —> DiffcR”“^ starting at the iden¬ 
tity which describes the leaf of ^ through the point (l,i/) G {1} x R”“^ as the set 
{{exp{2nit),w^{t){y))\t G R}. The path is periodic in the sense that for each in¬ 
teger m we have w^{m + t) = iv^{t) o 'w^{m) so that is determined by its restriction 
to [0,1]. Furthermore there is a compact subset C of R”“^ such that for all t G R the 
diffeomorphism iv^{t) restricted to the complement of C is the identity. 

Conversely, we would like to associate to periodic curves w : R —> DiffcR””^ a 
foliated R”“^-product over with compact support. 

At this point a few remarks about the topology and smoothness structure of DiffcR”“^ 
are called for. For compact K C R”“^ denote by Diffji^R”“^ the space of diffeomorphisms 
of R”“^ with support in K with its usual compact open C“-topology. Then DiffcR””^ as 
a set is the inductive limit of the Diffj<R”~^ where K ranges over the compact subsets of 
rw- 2 gj-^y compact subset of DiffcR””^ is contained in some Diff^R””^. In par¬ 

ticular the image of any continuous map from R into DiffcR””^ restricted to a bounded 
subset is contained in some Diffj^R”“^. 

A smooth curve of DiffcR””^ is a map w : R —^ DiffcR””^ having the following two 
properties: 

4.7. The adjoint map iv'^ : R x R”“^ —> R”“^ given by {t,x) = w{t){x) is smooth. 

4.8. For each bounded subset / of R there is a compact K C R”“^ such that for every 
X ^ K the path t i—> w{t){x) is constant on /. (Compare 30.9 and 42.5 in IKriMij ; be 
not deterred by the use of the c°“-topology in their definition of infinite dimensional 
manifolds since this does not change the set of smooth curves.) 

Thus periodic smooth curves of DiffcR””^ correspond bijectively to smooth foliated 
Rn-2-products over with compact support. A map w : [0,1] —> DiffcR””^ is called 
a smooth periodic curve if w(0) = id and its extension w : R —> DiffcR””^ given by 
zv{t -\- m) := iv(t) o t G [0,1], m G Zi, is smooth. The extension is then obvi¬ 
ously periodic. We will call a smooth periodic curve w : [0,1] —> fillable if the 

associated foliated R”“^-product over with compact support can be extended to a 
2-dimensional foliation on x R”“^ satisfying 14.41 and I4.5[ 
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A smooth periodic homotopy between smooth periodic curves Wo,wi : [0,1] —)• 
DiffciR””^ is a smooth map h : [0,1] x [0,1] —> DiffclR””^ which is constant on [0,1] x {0} 
and [0,1] X {1}, restricts to Wj on [0,1] x {i}, and for which the extension to R x [04] 
given by (f + m,s) i—> h{t,s) owo{l)^,t G [0,1], m G Z, is smooth. If two periodic curves 
are smoothly homotopic then we can find smooth homotopies which are constant near 
0 and 1 in the sense that the induced curves for small s are equal to the restriction to 
[04] X {0} and for s close to 1 equal to the restriction to [0,1] x {!}• 

Remark 4.9. Notice that a smooth periodic homotopy corresponds to a foliated R”“^- 
product with compact support over x [0,1]. But be aware that a smooth map h : 
R X [0,1] —)■ DiffcR””^ which is periodic in the sense that each restriction to R x {s}, 
s G [0,1], is periodic will in general not correspond to a foliated product over x |0,1]. 

Therefore, if w and w' are smoothly periodic homotopic and w is tillable, then so is 
w'. This allows us to look only at curves iv : [0,1] —> DiffcR””^ starting at id which 
are constant near 0 and 1. These are always periodic, and concatenating two of these 
will give us a new periodic curve. An interval / C [0,1] where a path iv is constant 
we call a horizontal interval (for iv), since the foliation on x R”“^ over the part of 
corresponding to this interval is horizontal. A smooth path starting at id which is 
horizontal near its beginning and end we call an adjusted smooth path. 

Lemma 4.10. The concatenation of two fillable adjusted smooth paths isfillable. 

Proof. The concatenation of wj and W 2 is the smooth path w^ * W 2 defined by 


W\ * W2{t) 


Wi (2 t ) : if0<t<l/2, 

Zf 2 ( 2 f — 1) o zfi(l) : ifl/2<f<l. 


Since Wi and W 2 are horizontal near 0 and 1 there is an e > 0 such that the foliation 
associated to w^ * W 2 is horizontal on the two intervals of of points having distance at 
most 2e from the real axis. Thus starting with 41 — 4 + i • e as basepoint and miming 
Wi from there to — 41 — 4 + z • e at double speed we obtain a smooth path from id to 
Wi(l). Similarly, starting at — 4l —4 — i ■ e and running W 2 o wi(l) till 44—4 — i • e 
at double speed we get a smooth path starting at Wi{l) and ending at W 2 { 1 ) o Wi(l). 
We extend the first path by concatenating it with the constant path with value W\{T) 
on the straight segment from — 4l — 4 + z • e to 4l — 4 + z • e and the second one by 
concatenating the constant path with value Wi{T) on the segment from 44—4 — z • e to 
— 4l — — 4 e with it. Up to reparametrization, the first path is W\ while the second 

one is Zf 2 o Wi(l). By hypothesis both are fillable so that we obtain a 2-dimensional 
foliation on (D^ \ {z G C : |S(z)| < e}) x R”“^ which is horizontal near the two 

straight segments with imaginary part equal to ±e. We can extend this foliation to all of 
D2 X R” ^ by adding the horizontal foliation over {z G C : |Sl'(z) | < e}. □ 


4.3 A fillable foliated R" ^-product. 


In this short subsection we present the example of Thurston llTh2l of a filling for a partic¬ 
ular non-trivial smooth periodic curve. On the 2-torus x consider the foliation by 
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lines of constant slope a, i. e. the foliation defined by the closed 1-form d9 — a dcp where 
((p,0) are the coordinates of x S^. This foliation corresponds to the smooth periodic 
curve t H-)■ Rat where Rg C DiffS^ is rotation by Ins. All these foliations allow a tilling to 
a 2-dimensional foliation of the solid torus x by first pushing the 1-dimensional 
foliation constantly a little to the inside, then turbulizing it in the 0-direction to a folia¬ 
tion which has the torus x as the limit set of all its leaves, and fill in the remaining 
solid torus by a Reeb component. 

Thurston proceeds then by looking at the standard tubular neighbourhood x 
of the standard in Please notice that this is where we have to assume that 

n > 4. Then X X D” ^ is a D” ^-family of 2-tori. Define a smooth periodic curve 

[0,1] —?■ DiffclR””^ which is constant outside of x and restricts for each circle 

X {x}, X G to a periodic curve corresponding to a foliation by lines of constant 

slope f{x) where / : —)■ [0,1] is a non-vanishing smooth function which is 0 in a 

neighbourhood of the boundary. Then till for each x G the resulting foliation of 

X X {x} to obtain a 2-dimensional foliation of x x {x}, and do this in such a 

way that the foliations tit smoothly together. 

There is one further step to take. Outside x C the filling has to be induced by 
projection to the second factor, for some compact C C ]R”“^. But the filling for the slope 
0 foliations coming from the insertion of Reeb components are not of this type. So one 
has to interpolate between these two foliations close to the boundary of x This 

interpolation is achieved by the introduction of the function g : —)■ [0,1] in the 

formula below, where g is supposed to be smooth, to be 0 in a neighbourhood of the 
boundary, and equal to 1 in the support of /. 

Again, this interpolation is easy to understand, as will be explained below. 

The tilling of the constant slope f{x) foliation on x is given by the following 
1-form on x S^. Give polar coordinates (r, cp), and let {Aq, 4^/2, Ai} be a smooth 
partition of unity for [0,1] such that A; is equal to 1 in a neighbourhood of i, and such 
that Aq and Ai have disjoint support. Then the 1-form 

Xi(r)(d9 — f{x)d(p) Ai/ 2 (r)dr Ao(r)d0 

is completely integrable, equal to {d9 — f{x)dcp) near the boundary and thus defines a 
filling which, in tact, is as described above, at least qualitatively. To also take care of the 
interpolation mentioned above take for each x G the 1-form 

(1 — g{x))d9 + g{x){Ai{r){d9 — f{x)d(p) + Ai/ 2 (r)dr Ao{r)d9). 

Again one checks that the form is nowhere zero and integrable. For those x, where 
g{x) = 0, the form is equal to d9 on x x {x} and thus the sets x {(0, x)}, 
0 G S^, are leaves of the foliation. Therefore, if x is near the boundary of the 

foliation is induced by projection onto R”“^, i. e. it is horizontal there. This allows us to 
extend this foliation to all of x R”“^ by making it horizontal outside X Si X D"-3. 

To understand the interpolation mentioned above geometrically look at points x G 
where /(x) = 0. The form there is equal to 

(1 - g(x)Ai/2(r))d0 + g{x)\i/2ir)dr. 
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Thus the foliation is horizontal outside the support of g and A^i/ 2 - Inside the support 
of X\i 2 the slope in fhe 0 -direction will increase when moving from small ^-values fo 
larger ones. In particular, inside fhe solid torus {r < x you will see a bubble 
occuring for each leaf when leaving the set {y = 0 } which grows larger and larger with 
growing values of y. The slopes af the 2-torus {r= 2 }xS^ are getting steeper an steeper 
approaching tangentially more and more this torus, and, finally, being fhis 2 -forus when 
y = 1 is reached. 

As the last requirement for an appropriafe filling we have fo check (see 14.61) fhaf fhe 
plane field of fhis foliation is homotopic to a plane field fransverse fo fhe R”“^-facfor by 
a homofopy which is consfanf near x To do fhis homofope the defining 1-form 

by replacing for s G [0,1] fhe function A 1/2 by (1 — s)Ai /2 and Aq by Aq -|- sAi/ 2 . The 
resulting 1-forms are all nowhere vanishing and fhe final form is d9 — f{x)dcp, which is 
fransverse fo the R”“^-factor. 

4.4 Filling the hole when DiffclRQ”^ is simply connected. 

We denote the path component of id in DiffcR””^ by DiffcRg”^. From subsection 14.31 we 
have a tillable periodic path a from id fo an / 7 ^ id in DiffcRQ~^. If za is a tillable peri¬ 
odic pafh then for any g G DiffcRj]”^ the path g ow o g~^ is also tillable. The manifold 
DiffcR””^ is modelled on the space C“(R”“^, R”“^) of smoofh maps from R”“^ fo if- 
self with compact support given the inductive limit topology of C“(R”“^, R"“^), where 
C“(R"“^, R”“^) is fhe space of smooth maps from R”“^ fo ifself with support in the 
compact set K C R”“^ with its usual C°“-topology. Thus continuous paths w : [0,1] —^ 
DiffcR””^ are homotopic to a finite product of pafhs, each of which is a sfraighf path in 
a coordinate chart. These paths can be made smooth by parameter changes. Also by 
the usual smooth approximation methods any continuous homotopy between smooth 
paths gives rise to a smooth homotopy between these paths. 

Therefore, if DiffcRg”^ is simply cormecfed and simple, fhen any smoofh periodic 
pafh can be filled. In facf, for every g G DiffcRg there are gi,---,gr with g = Tlf^^gj/g^ ^ 
and so any smooth periodic curve from id to g is the concatenation of paths from id fo 
gifg'j'^, i = 1,..., fc, where every one of these paths are tillable by the Reeb type con¬ 
struction of l4.3[ 

In fact, we can reduce the number of fhese Reeb fillings fo 8 due fo resulfs of Takashi 
Tsuboi in ||Tsu2i . Theorem 2.1 of fhis paper says thaf any elemenf of DiffcRg”^ is the 
product of fwo commufafors. Using this and Lemma 3.1 of l|Tsu2|| every elemenf of 
DiffcRg“^ can be expressed as a product of eighf conjugafes of / and f~^. 

Since fhe Reeb fillings of fhe periodic curve fo / of subsection I4.3l is very explicit, this 
gives us an explicit description of how the holes are filled. 

Remark 4.11. For n = 4 and n = 5 fhe spaces DiffcRg”^ are simply connecfed so fhaf the 
above simple filling of the holes can be done. In fact, Smale |Sm| (see also section 5 of the 
Appendix of HCel ) for k = 2 and Hafcher IIHal for k = 3 show fhaf all homofopy groups 
of fhe group Diff(D^, of diffeomorphisms of which are the identity on are 
trivial. As a consequence, for n equal fo 4 or 5 all homofopy groups of DiffcRg”^ are 
trivial. To see this note that TTjDiffcRQ = TTjDiffcDQ is the inductive limit of 
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where Dj is the disk of radius 1 — 1/j in D^. But TTjDiffD^.D^ = 7ijDifi(Dj, J’^dDj). Here 
Diff(Dy, J°°dDj) is the group of diffeomorphisms of Dj which are the identity on dDj and 
are infinitely tangent to the identity of Dj there. By the special case of Proposition 1 
in the Appendix of HCel the inclusion Diff(D^,/''9D^) —^ Diff(D^, 9D^) induces for all 
0 < r < oo isomorphisms for all homofopy groups, and we are done. 


5 Filling the hole. Part II 


In this section we show how the holes can be filled withouf assuming fhaf Diffc]RQ~^ is 
simply coimecfed. The idea is fairly simple. We break the periodic path in DiffclR””^ 
at the boundary of the hole into short pieces of the form iVi o gj where each Wi is a pafh 
inside a predescribed contractible neighborhood of fhe identify and gj some element of 


DiffclRg Then we show using results from |HaRyTe| fhat each Wf(l) is fhe producf 


of 6 commufafors of elemenfs in Diff^lR””^ still lying in some prescribed confracfible 
neighbourhood of the identity and then, using not only Lemma 3.1 of l|Tsu2| buf also ifs 
proof, we show that each iVi is homotopic to the product of at most 24 conjugates of fhe 
Thurston example from subsection l4.3I Then by Lemma|4T0]we are done. 

There is one issue fhaf will attribute a little to the length of this section. The au¬ 
thors of |HaRyTe | use for fhe spaces of smoofh mappings befween smoofh manifolds fhe 
topology introduced in Chapter 42 of IKriMil which differs for fhe case of non-compacf 
domain manifolds from the one that most people are used to. Chapter 42 of IKriMil uses 
quite a few notions and resulfs from earlier Chapters which would fake some efforf fo 
absorb. Buf in facf we will need very little from IKriMil fo undersfand fhe argumenfs of 
fhis section. Nafurally, one has fo invesf more if one wanfs fo undersfand fhe proof of 
Proposition 2 in |HaRyTe |, the result from |HaRyTe | which we need in our proof. 


5.1 Smooth perfectness of DiffcRg (following Haller, Rybicki and Te- 
ichmann). 

The notion of a differentiable map / from R info a locally convex vector space E is the 
obvious one: difference quotients at each point x G R converge in E to a point called 
f'{x). Iterating this gives the notion of a smooth curve. Similarly one can define smooth 
maps from open subsefs of R'” info E by requesting that all partial derivatives exist 
and are locally bounded. The locally compact vector space of inferesf fo us is the space 
C“(R^, R^) of smoofh maps from R^ fo R^ wifh compacf supporf. If is given the in¬ 
ductive limit topology of fhe subspaces C^ (R^, R^) of smooth maps with support in the 
compact set K C R^ with the usual C“-topology. Any compact subset of C“(R^, R^) 
is confained in some C^(R^, R^). Therefore, for any continuous, and in particular, any 
smooth map / : R —?■ C“ (R^, R^) and any bounded / C R there is a compact K C R^ 
such that/(/) C C~(R^R^). 

The space DiffcR^ is a manifold modelled on C“(R^, R^). As an alias fake {hg : 
g +Ug ^ Ug\g ^ DiffcR^}. Here Ug is an open neighbourhood of 0 in C“(R^, R^) such 
thaf g + Ug C DiffcR^ and hg{g + f) = / for / G Ug. Coordinate changes are then 
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simply restrictions of translations in C“(R^, R^) to open sets. Clearly, a map w from 
an open subset of R'” into C“ (R^, R^) is smooth if and only if w + g is smooth for any 
g G C“(R^, R^). Thus it makes sense to call a map from a finite dimensional smooth 
manifold into DiffcR^ smooth if its restriction to inverse images of the above charts are 
smooth as maps into C“(R^, R^). 

If we want to consider smoothness of maps from DiffcR^ into some other possibly 
infinite dimensional manifold modelled on a locally convex vector space we need to 
decide which maps from an open subset of a locally convex vector space into another 
are considered to be smooth. The concept should be so that on finite dimensional ones 
exactly the usual smooth maps are smooth. 

In IKriMil a map between locally convex vector spaces is called smooth if it maps 
smooth curves to smooth curves. By Bomarm's theorem [BoJ (see also Corollary 3.14 in 
IKriMil ) a map from an open subset of R'” into any locally convex space is smooth in 
this sense if and only if it is smooth in the usual sense. 

We want to point out that it is essential here that we are in the smooth category. In 
the C'^-category with r finite the corresponding concept will not be sufficient to assure 
that a map on an open subset of R'” into R is smooth in the usual sense (see e. g. IKriMil , 
Example 3.3; see also the subsection "Smoothness of foliated products" in §4 of ITsull ). 

The infinite dimensional manifolds for which smoothness structures are developed 
in IKriMil are modelled on so called convenient vector spaces. These are locally convex 
vector spaces E for which a map w : R —?■ E is smooth if and only if for all continuous 
linear Z : E —?■ R the map Z o ze : R —?■ R is smooth. The space C“ (R^, R^) is convenient. 
This follows for example from Theorem 2.15 in IKriMil using the fact that any Banach 
space is convenient. The authors of IKriMil then go one step further by using the c°°- 
topology on convenient vector spaces. This, by definition f IKriMil . Definition 2.12) is 
the final topology with respect to all smooth curves. For Frechet spaces the c“-topology 
agrees with the original topology, in particular this holds for C“ (R^, R*^). But in general, 
the c“-topology is strictly finer. By Proposition 4.26 (ii) of IKriMil the space C“ (R^, R^) 
with the c“-topology is not a topological vector space. Thus the c“-topology differs from 
the original topology. 

The c“-topology is used in the results of |FlaRyTe | which we use. But this will not 


cause any additional difficulty for us. We define a map / defined on a c“-open subset 
LZ of a locally convex topological vector space into a locally convex vector space E to be 
smooth if it maps smooth curves in {J to smooth curves in E. 

It is worthwhile to point out the obvious fact that a smooth map from a c“-open 
subset Zi of a locally convex topological vector space into a locally convex vector space 
f is continuous with respect to the c°°-topology used for both, U and E. In particular, 
inverse images of open sets of f in its usual topology are open in U with the c“-topology. 

In IKriMil charts of manifolds modelled on convenient vector spaces are bijections 
onto c“-open subsets. So g G DiffcR^ may now have smaller neighbourhoods. In our 
atlas above we may replace Ug by c°°-open neighbourhoods of 0 in Cf (R^, R^). 


We can now state the result of |HaRyTe| that we are going to use. 


Proposition 5.1 (Proposition 2 of IHaRyTel). Suppose k > 2, and let B C R^ open and 


bounded. Then there exist compactly supported smooth vector fields Xi,..., Xg on R , a c'^-open 
neighborhood W of the identity in Diff“ (B), and smooth mappings : W —> DiffcR^ 
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so that cri{id) = id and for all g G W, 

g = ki(^)/expXi] o • • • o [creig),expXe]. 

Moreover the vector fields X, may be chosen arbitrarily close to 0 with regard to the strong 
Whitney C°°-topology. 

As usual [a,b] = a ob o a~^ o b~^, and exp{X) is the time 1 map of the flow associated 
to the complete vector field X. 


5.2 From uniform perfectness to uniform simplicity (following Tsuboi). 

In this subsection we copy the proof of Lemma 3.1 in MTsu2l practically verbatim for later 
reference. 


Remark. Takashi Tsuboi pointed out that Lemma 3.1 in MTsu2l can easily be derived from 
a paper of R. D. Anderson (see the proof of Lemma 1 in llAnll i. But what we need we 
find word for word in IITsu2i : Tsuboi has already distilled exactly what we need from 
the paper of Anderson. 


Lemma 5.2. Let U be an open subset of the manifold M and let hbea diffeomorphism of M such 
that U n h{U) = 0. Let a,b ^ Diff“(M) have support in U. Then [a,b] is a product of four 
conjugates ofh and h~^. 

Proof. Consider c = h~^ah. Then the support of c and b are disjoint, and consequently 
they commute. Therefore 


aba~^b~^ = h{h~^ah)h~^{ba~^b~^) 

= h{ch~^c~^){cbhc~^b~^){bh~^b~^) 
= h{ch~^c~^){bchc~^b~^){bh~^b~^). 


□ 

Corollary 5.3. Let be a smooth connected manifold and let h G Diff'”(M^) be any element 
different from the identity. Let aj, bi, i = 1,.. .,r,be elements o/Diff'”(M^) such that for each i 
the diffeomorphisms ai and bi have support in Uj where Ui is a closed k-ball in M^. 

r 

Then f := Yl b i] is a product ofAr conjugates ofh and h 

i=l 

Proof. Since h id there exists a closed fc-ball Lf in M with h(U) HU = 0. Since M 
is connected there is for each i a diffeomorphism gj of M smoothly isotopic to id by a 
compactly supported isotopy, such that gfUi) C U. Then by Lemma 152] y, bi]g~^ is a 
product of four conjugates of h and h~^, and thus [aj, bi] is a product of four conjugates 
of h and h~^. □ 


17 












5.3 Putting it all together. 

We finally show that every smooth periodic curve zv : [0,1] —> DiffcR””^ can be filled. 

As explained in the introduction of this section, the idea is to write zv as the product 
of periodic paths zvi where each zvj is contained in a contractible neighbourhood of id in 
DiffclR””^. We then proceed as in Subsection 14.41 by working entirely with paths which 
are homotopic to paths contained in this contractible neighbourhood. That this can be 
done is a consequence of the results l5dl 15.21 and 15.31 of the previous two subsections. 

To shorten notation a little let A: := n — 2. Thus k > 2. 


(1) Let y := {id + e\e G C“(]R^,R^) with max||(iex|| < !}• This is an open contractible 

neighbourhood of id in DiffcR^. An easy estimate shows that the composition of r 
elements oi {id + e\e G C“(R^,R^) with max \ \dex\\ < e} is of the form id + /with 

\\dfx\\ < (1 + e)'' — 1 for all x. Therefore there is e > 0 such that any composition 
of 72 elements of Vq := {id + e\e G C“(R^,R^) with max \\dex\\ < e} is contained 
inV. 


(2) Recall from Subsection 14.31 that the periodic curves which get filled are of the form 



z 

(6 +1- f{x),x) 


z ^ X 

z = {d,x) G X 


where / : ^ [0,1] is smooth and vanishing near the boundary. We have 

= h_jr{t) for all t G [0,1]. Thus by choosing f small enough, we may 
assume that G Vq for all t G [0,1]. With this choice of / we denote 

hf{l) by h. 

(3) Let U C X be an open ball such that U D h{U) = 0. Let B C R^ be an open 

ball containing x and A an open ball in R^ containing B. 

(4) Let be a compactly supported isotopy of R^ with go = id and gi{A) C U. Denote 
gi by g. 

(5) Finally let W C \7 be a c“-open neighbourhood of id in Diff“(B) and Ui,..., : 

W DiffcR”“^ and Xi,..., Xg the smooth maps and compactly supported vec- 
torfields of Proposition 15.11 Since A is diffeomorphic to R^ we may assume that 
the CTj factor through Diff“(A) and that the X, have support in A. Furthermore, by 
making TV small enough, we may assume that for a G W the elements h~^ ° g ° 
Vi (a) o g~^ oh and their inverses are all in Vq. Also, by having Xj close enough to 0 
in the strong Whitney C“-topology, we may assume that all g o exp{Xi) o g~^ and 
their inverses are in Vq- 


Now let zv : [0,1] —^ DiffcR^ be a smooth periodic curve. The curve zv is tillable it (and 
only if) the curve g o zv o g~^ is tillable. Here g is the diffeomorphism from item (4) above. 

By the very definition of the c°°-topology g o zv o g~^ is continuous with respect to 
this topology on DiffcR^. Therefore, we find a G N such that for i = 0,..., — 1 the 
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curves gwig ^ : [0,1] —> DiffcR^ defined by Wf(f) := o ze(|) ^ have their images 

in W. Up to parametrization givg~^ is the concatenation of the gWig~^. By making iv 
horizontal near the points i/q the giVig~^ are periodic. 

By the proof of Corollary 15.31 each commutator of two diffeomorphisms goig~^ and 
gfig~^ is a product of four conjugates of h and the support of a and /3 is in A, and 

by the proof of Lemma |5]2] we have an explicit description of these factors. 

For the case of interest to us it works out as follows. Let a G W and i = 1,..., 6. Then 
g[cri{a), expXi]g~^ equals 

h o ((h~^gcri{a)g~^h) o h~^ o (h~^gcri{a)~^g~^h)) 

o{{g expXig-^) o {h-'^gcri{a)g-'^h) o h o {h-'^gcri{a)-^g-'^h) o {gexpXr^g-'^)) 
o{{gexpXig-^)oh-^ o (gexpXr^g-^)). 

This is the composition of 12 diffeomorphisms with each one lying in Vq by item (5) 
above if a G W. Since there are six of these commutators to express a we look at a 
composition of 72 diffeomorphisms of Vq- by item (1) this composition is contained in 
V. The same holds if we replace the first h and the occurrences of the h or h~^ in the 
center of the outer parantheses of the other three factors by hf(t) respectively 
This follows from item (2) above. 

Having done this, we obtain a smooth periodic curve u in V rurming from id to 
gWi(l)g~^. Thus u and g'Wig~^ are homotopic. 

The curve u is the product of 24 tillable curves with the product being composition 
in DiffcR^ instead of concatenation. But up to homotopy there is no difference. In fact, if 
each of these curves is horizontal near 0 and 1 the standard homotopy between them is 
smoothly periodic. 

We are done. 


6 Application: nk+iBYp = 0 


As mentioned in the introduction the proof that any 2-plane field is homotopic to a foli¬ 
ation follows immediately from the main result. Theorem 1 in llTh2l once you know that 
the homotopy fibre BT]^ of the normal bundle map v : BT]^ —?• BGLj^, which assigns to a 
smooth Tj^-structure its normal bundle, is {k + l)-coimected. Mildly reworded Theorem 
1 of nTh2l can be formulated as: 


Theorem 6.1 (Thurston). Let M be a smooth manifold and TM = r (B p a splitting of its 
tangent bundle such that p is the normal bundle of a Haefliger structure % of codimension k >2 
on M. Then there exists a smooth foliation T of codimension k on M which is homotopic to 
% as a Haefliger structure and whose tangent bundle is homotopic to t as a subbundle of TM. 
Furthermore, if Li is already the Haefliger structure of a foliation in a neighbourhood of a compact 
K C M then the homotopies between T and Li and between the tangent field of T and t can be 
chosen to be constant in a neighbourhood of K. 

This theorem is sometimes called Thurston's Iz-principle for foliations of codimension 
greater than 1. 
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Thus, a given p-plane field on the n-manifold M is homotopic to a foliation if its nor¬ 
mal bundle p comes from a r„_p-structure, i. e. if the classifying map fp M ^ BGLn-p 
of p can be liftet to BTn-p. This can always be done if BTn-p is (n — l)-cormected. 

Thus any 2-plane field on any manifold can be homotoped into a foliation if BTjt is 
(k + l)-coimected, and any p-plane field on any manifold is homotopic to a foliation if 
BTfc is {k + p — l)-coimected. It is known that T[ 2 k+i{BTj() is highly non trivial, and it is 
a long standing open question whether BT^ is 2fc-coimected. 

Haefliger in IIHae2l used the Gromov-Phillips Transversality Theorem (see below and 
HGrL nPhill ) to show that BYis fc-coimected. The proof that nkj^iBIj^ = 0 is more in¬ 
volved. buses the Thurston-Mather Theorem which states that the adjoint BDiff,, (IR^) —^ 
n^BT]^ of the natural map E”BDiff(, (R^) —> BT^- is a homology equivalence, and it uses 
Thurston's theorem HThll that the universal covering group of DiffcRg is perfect. The 
last theorem is also used by us to prove our main result (see Subsection 15.1|) . 

We close this article by showing that the vanishing of n](^iBT]( for k > 2 is a direct 
consequence of the Gromov-Phillips Transversality Theorem and our main theorem ll.b 
Our proof follows closely Haefliger's proof in IIHae2ll that tij^BT^- = 0. In fact our argu¬ 
ment generalizes immediately to prove the following 


Theorem 6.2. Let p > 0 and assume that any p-plane field on any smooth manifold M, which 
in a neighbourhood of the compact subset K of M is the tangent plane field of a smooth folia¬ 
tion, is homotopic to the plane field of a smooth foliation by a homotopy which is constant in a 
neighbourhood of K. 

Then n]^^p_iBT^. = 0 


Here, as before, is the space of germs of local C°°-diffeomorphisms of with the 
germ topology. 

The Gromov-Phillips Theorem as stated in UPhill . a special case of the main result in 
rl/ suffices for our needs. It says the following: 


Theorem 6.3 (Gromov, Phillips). Let M and N be smooth manifolds and Q a foliation ofN. Let 
Trans(M; {N,Q)) be the space of smooth maps from MtoN which are transverse to Q with the 
compact open topology, and let Epi( TM, vg) be the space of continuous bundle epimorphisms 
from the tangent bundle TM of M to the normal bundle vg of Q with the compact open topology. 

Then the natural map which maps g G Trans(M; {N,Q)) to pr o dg G Ypi{TM,vg) is a 
weak homotopy equivalence if M is open (i. e. if M\ dM has no compact component). 

Here pr : TN vg is the obvious projection. 

Proof of Theorem 16.21 Amapy : > BT^ corresponds to a Haefliger structure Ti of 

codimension k on together with a homotopy class of trivializations of its normal 

bundle. Actually when using the Milnor model tor classifying spaces of topological 
groupoids (see Section 1.5 of l|Hae3ll ) we have a definite trivialization (see e. g. liHul , 
Ghapter 4, Section 9). Ghanging the Haefliger structure in its homotopy class induces 
homotopies of the normal bundle and thus a homotopy of g. 

We are only interested in homotopy information. Thus, see for example section 1.9 
of l|Hae2| , we may think of Li as the restriction to the zero section of a foliation Q on the 
total space E of a smooth rank k vectorbundle p : E ^ gk+p-i .^^ith Q transverse to the 
fibres of p. Furthermore, the normal bundle of Li is the restriction of the normal bundle 
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of the foliation Q to the zero section. The normal bundle vg of Q is the tangent field to 
the fibres of p, so that the normal bundle of Tt is p. Any trivialization of p will extend to 
a trivialization of Vg. 

Let M := x (0,2) be the subset of which is the union of (fc + p — 1) 

spheres of radius r G (0,2) with center the origin. Then M is an open manifold, {E,Q) is 
a foliated manifold so that the Gromov-Phillips Theorem applies. 

Let /o : M —> E be given by /o(x, f) = x, x G t G (0,2), where we identify 

gfc+p-i i-j-jg zero section of p, and let cp : E x be the trivialization of 

the normal bundle given by our map g into BEj^. 

Let TM = M X R^+P be the standard framing of the open subset M of R^+f', and 
consider the bundle epimorphism /o : TM —> vg, which maps (x, u) G M x R^+P to 
(p“i(/o(x),pfc(z;)), where p^ : R^+P ^ R^ is the projection onto the first k coordinates. 

The Gromov-Phillips Theorem then supplies us with a homotopy ft : TM ^ vg of 
bundle epimorphisms over a homotopy ft'.M^E starting with /q over fo and ending 
with fi = pro dfi where /i is a smooth map transverse to Q and pr : TE ^ vg is the 
projection map. 

Restricting the homotopy ft to gives us a homotopy of Haefliger structures 

on from El = f^Q to f^Q restricted to The normal bundles of these 

Haefliger structures are the pull backs of vg via ft. Together with the trivialization of vg 
we see that up to homotopy we can assume that the initial Haefliger structure is the one 
induced from Q by /i restricted to But this Haefliger structure is the restriction of 

an honest foliation of M to the unit sphere. So restricting IF to x {1/2} gives us 

a Haefliger structure over (identified with S^+P“i x {1/2}) with a trivialization 

homotopic as a pair to the original pair. We now restrict the homotopy ft to x 

{1/2} going backwards from f = 1 to f = 0. The kernel of each of these restrictions 
of bundle maps ft gives us a continuous family Tt of continuous fields of p-planes of 
R^+P, starting with the restriction t\ of the tangent bundle of J- to x {1/2} and 

ending with the constant field Tq of planes orthogonal to R^ = pfc(R^"*"P). Spreading 
these fields out over x [1/4,1/2] by putting p on x {(1 f)/4} gives us 

a p-plane field that can be extended to all of by using the tangent field of J- for 
points with distance at least 1/2 from the origin and by the constant field orthogonal to 
R^ for points in the disk of radius 1/4. This field can be approximated in its homotopy 
class by a smooth field T which is tangent to T outside a small neighbourhood of the 
disk of radius 1/2, and the constant field orthogonal to R^ in a neighbourhood of the 
origin. Notice that the trivialization of the normal bundle of this plane field is on each 
sphere X {a} with a close to 0, up to rescaling the radius of the sphere, equal to 

cp o (p~^, i. e. the identity of x R^, which extends trivially to the normal bundle 

of T over 

The hypothesis of Theorem 16.21 then gives us a homotopy of t to a smooth foliation 
by a homotopy which is constant in a neighbourhood of the boundary and in a 

neighbourhood of the origin. Since a foliation is a Haefliger structure and homotopies 
of plane fields give homotopies of their normal fields, we are done. □ 

Essentially the same proof gives the following 
Theorem 6.4 (Haefliger HHaeSi ). BT]^ is {k — l)-connected. 
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Proof. Here we start with a Haefliger structure on S' ^ with i < k. Take now for M the 
open subset (S'“^ x (0,2)) X ' in R^. Then the initial bundle epimorphism TM —> Vg 
is given by ((x,t,y),v) (p~^(x,v), x G S‘~^, t G (0,2), y G R^“', v G R^. Then 

everything proceeds as before and wifh p = 0. For p = 0 the hypothesis of l6.2l is trivially 
satisfied. □ 

Remark 6.5. Theorem 11.11 is not used in the proof of Theorem 16.41 and in fhe verification 
of the hypothesis of Theorem 16.21 for p equal fo 0 and 1. Thus BT;;- is fc-coimecfed for any 
k. Theorem 11.11 shows fhaf for p = 2 the hypothesis of Theorem 16.21 holds if fc > 2. In 
facf, for k = 1, even in fhe very special sifuafion fhaf we would encounfer in a proof 
along the lines described above the hypothesis is not satisfied: nof every smooth 2-plane 
field on the open disk of radius 2 in R^ which is a foliation in a neighbourhood of is 
homofopic fo a smoofh foliation by a homotopy which is constant in a neighbourhood 
of S^. The proof that n 2 BTi = 0 is in UMa 111 based on the Thurston-Mather Theorem for 
codimension 1 foliations, the proof of which is the main result of IIMa IL 
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